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Analysis of Eigenvalues and Modal Interaction
of Stochastic Systems
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An eigenvalue spectral analysis of stochastic engineering systems is presented. A comparative numerical study
between approximations based on Monte Carlo sampling, a Taylor series-based perturbation approach, and the
polynomial chaos representation is conducted. It is observed that the polynomial chaos representation gives more
accurate estimates of the statistical moments than the perturbation method, especially for the higher modes. The
differences of accuracy in the two methods are more pronounced as the system variability increases. Moreover,
the chaos expansion gives a more detailed probabilistic description of the eigenvalues and the eigenvectors. In
addition, a method for representing the statistical modal overlapping is presented that characterizes the statistical

interaction between the various modes.

Nomenclature
b, vix = n-dimensional vectors
cir, C l.kl = deterministic scalar coefficients
el’. = random coefficient (scalar)
K = stiffness matrix
M = mass matrix
Ni, N, = lower and upper index of deterministic modes
n = degrees of freedom of the system
P = maximum index of polynomial chaos
Aav.me = meaneigenvalue computed by Monte Carlo simulation
Aavperz = mean eigenvalue computed from
second-order perturbation
Adet = eigenvalue of the deterministic system
Ai = ith eigenvalue
&, {&) = random vector with elements §&;

& random variable

Ei = mean value of the random variable &;
o = standard deviation of the eigenvalue A
b, = eigenvector

_l(k) = kth chaos component of /th mode

b; = ith mode of the deterministic system
v = ith polynomial chaos

Introduction

OST physical systems exhibit some level of variability in
their observed behavior. Such variability can be attributed to
small changes in the manufacturing process or to contributions to
the observed behavior from highly perturbative subscale phenom-
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ena. Attempts at capturing this variability in predictive models are
faced with a number of challenges. In particular, additional sources
of uncertainty quickly become significant in the prediction task.
Insufficient details in the underlying physics, inadequate represen-
tation of this physics, as well as insufficient statistical representation
of the natural variability, all contribute to the increased uncertainty
in the predicted behavior of the system. Moreover, errors incurred
in estimating the parameters of the physics models and in the nu-
merical resolution of the prediction problem also exacerbate the
uncertainty.

Probability theory provides a particular framework for character-
izing the uncertainties in a manner that permits their quantification
as well as that of their effects. Accordingly, the behavior of the
system is described by a mathematical model with random param-
eters, such that the probabilistic character of the solution to these
equations is representative, in some sense, of the observed scatter
in the behavior of the actual system. Investigations into the proper-
ties of these probabilistic equations are essential for assessing their
suitability at representing the physical problem.

Linear dynamic models constitute an important class of models
used to describe the behavior of physical systems in a useful regime
of operation. These models can be characterized in an efficient and
accurate manner by reduced-order representations along their dom-
inant eigenspaces. This useful algebraic property of these models
is inherited by their probabilistic counterparts. In the probabilistic
setting, however, model reduction on eigenspaces alters the prob-
abilistic character of the predicted dynamics, thus further limiting
the predictive accuracy of the associated model. Addressing this
difficulty requires an understanding of the probabilistic properties
of the eigenproblem associated with stochastic dynamic systems.

Analytical techniques are available for solving some particular
classes of the random eigenvalue problems. For example, closed-
form expressions of the probability density function (PDF) of the
eigenvalues and the eigenvectors are available for Gaussian unitary
ensemble and Gaussian orthogonal ensemble class of problems.! In
general, however, and in particular for problems in structural dynam-
ics, these analytical techniques are not applicable, and approximate
solutions have to be sought. Once the statistics of the eigensolutions
have been estimated, a constructive interpretation of their signifi-
cance must be developed that will be meaningful in enhancing the
performance of the system. Traditionally, the probabilistic content
of the eigenvectors of a random system has been characterized by
the mean and the covariance of its modal matrix.>
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This paper begins with a review and comparison of three approx-
imations to the eigensolutions of stochastic systems. These are the
perturbation method, Monte Carlo sampling, and approximations
based on the polynomial chaos decomposition. Following that, a
representation of the modal statistics is proposed that interprets the
statistics of the modal vectors of the random system in terms of
the modes of the mean or deterministic system. This offers a more
detailed description and clearer prediction model of the behavior
of the mode shapes of an uncertain system. This representation can
also be used in efficient and accurate system reduction. Finally, a
numerical example of a structural frame is used to demonstrate the
concepts developed in the paper.

Random Eigenvalue Problem

Consider the n-dimensional algebraic random generalized sym-
metric eigenvalue problem
reRT, ¢ ecR", K,MecR"*"

)]
where K (&) and M (&) are n X n symmetric positive definite matri-
ces functions of the random vector £. The random variables in vector
& denote the basic random variables in the problem that constitute the
source of probabilistic uncertainty in the system. These represent,
for example, elastic parameters that are modeled as random vari-
ables. In case such parameters are modeled as stochastic processes,
the vector £ represents a discretization of these processes with re-
spect to some basis set, such as is associated, for instance, with
the Karhunen-Loeve expansion (see Ref. 3). Clearly, the functional
dependence of the matrices K (§) and M () on the random param-
eters & is deterministic, and for a specified probabilistic description
of &, the corresponding probabilistic descriptions of the random
eigenvalues {};} and eigenvectors {¢;} are sought. In general, the
eigenvalues and eigenvectors of the system are fully characterized
only by their joint probability distribution. In practice, estimates can
be obtained of the first- and second-order joint statistics, as well as
of the marginal PDF of the various quantities of interest.

Three methods are described next that provide varying degrees
of approximation to these descriptions. These are the perturbation
expansion, the polynomial chaos decomposition, and the Monte
Carlo sampling.

In general, perturbation approaches attempt to quantify the vari-
ation in a dependent variable corresponding to a variation in an
independent variable. A very general approach to express this cor-
respondence between these two variations is achieved via a Taylor
series development of the functional form, mapping the independent
variable into the dependent one. The coefficients in that development
are the partial derivatives of the functional form and, in the case of
the eigenvalue problem, represent the derivatives of the eigenval-
ues and eigenvectors with respect to the uncertain parameters of the
system. Whereas the first-order derivative can be interpreted as sen-
sitivity coefficients around the nominal value at which the Taylor
expansion is carried out, the higher-order derivatives require a prob-
abilistic context for their interpretation. Although theoretically pos-
sible, it is generally quite impractical to develop perturbation-based
estimates that require higher-order derivatives with respect to the
random parameters.

In the Monte Carlo sampling (MC) technique, at first the basic
random variables {&;} are generated. Each realization of the set of
random variables {£;} is associated with a specific realization of the
stochastic system, and the corresponding eigenproblem is solved
for the set of {A;} and {¢;}. Finally, the statistical moments and the
PDF of the eigenvalues and eigenvectors are estimated from these
realizations.

The polynomial chaos (PC) method describes a random vector or
a process with respect to a set of Hermite polynomials (see Ref. 3).
Note that this characterization of random vectors provides, implic-
itly, joint statistical information. The currently available technique
of computing the PC expansion for random eigenvalue problem re-
lies on the MC simulation technique.*

As expected, it is usually observed that deterministic or random
perturbations of systems with closely spaced modes result in modal

K(&)¢p=r1M ()¢,

switching whereby the relative ordering changes for two modes
associated with two distinct behaviors. In these cases, appropriate
interpretation of the ordering of the perturbed modes is essential
both for the proper application of associated statistical results as well
as for the correct comparison of results from different approaches.
The analyses presented in this paper all address the case of widely
spaced modes, for which this issue is less significant. Clearly, the
modal spacing is construed here to be relative to the strength of the
perturbation.

Perturbation Approach

As already indicated, the perturbation approach relies on express-
ing the functional form of the eigenvalues and eigenvectors in terms
of a small parameter, assumed here to be a perturbation in the value
of the stiffness and mass parameters of the structure. Because these
parameters are modeled as probabilistic objects, this procedure re-
sults in random perturbations, with the higher-order perturbation
yielding information about the higher-order statistics of the solu-
tion. In a Taylor series development of the perturbation method,
estimating higher-order statistics of the eigenvalues or eigenvec-
tors, thus, requires the availability of estimates of the derivatives of
the eigensolution with respect to the uncertain system parameters
(see Refs. 5 and 6).

Because it is very complicated to calculate the higher-order
derivatives, usually the series is truncated after the terms containing
first- or second-order derivatives. The statistics of the eigensolu-
tion are evaluated in terms of the statistical moments of mass and
stiffness properties.>” Thus, representing the /th eigenvalue in a
second-order expansion around the mean value of the ¢ random
parameters results in

oy —MI;+Z i |,

i=1
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&

which, on averaging, yields an expression for the mean value of the
eigenvalue,

%N
00§,

1 _ _
M= Mls + Z (G —&)(E; — &)

t/—|

3

&.E;

where (.) denotes the operation of mathematical expectation, and §,-
and £ are the mean of the random variable and the vector, respec-
tively. It is clear from this expression that correlation between the
random variables {&;} introduces a discrepancy between the aver-
age of the eigenvalues and the eigenvalues of the average system. A
first-order estimate of of the covariance between the rth and the sth
eigenvalues can also be expressed as

ij=1

A
85,
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The covariance matrix among p eigenvalues involving ¢ random
parameters is then given as

a T
[cov(M)] = [85 ] [cov(&i, &))] [ a&} ©)

where the (7, s) element in cov(1) is given by Eq. (4) and cov(§;, §;)
refers to the covariance between random variables &; and &;. More-
over, in this case, the matrices [cov(L)], [dA/0&], and [cov(§;&;)]
are (p x p), (p x q), and (g X q), respectively.

As already seen, estimating the statistics of the eigensolution re-
quires estimates of the derivatives of the eigenvalues with respect to
the uncertain parameters of the system. When the sensitivities of the
eigenvectors with respect to the uncertain parameters are neglected,
and the chain rule for differentiation is applied, the sensitivity of the
eigenvalues with respect to these parameter is given as®°

[0k
R ; 6
L [ag L }p ©®
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where it has been assumed that the eigenmodes are normalized with
respect to the mass:

¢ Mp; =6; (7)

Second-order derivatives of the eigenvalues can also be evaluated
using a number of different methods.'°~!3 The procedure presented
here'* follows a similar procedure for computing the first-order
derivatives, resulting in
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In this expression, the first-order sensitivity of the eigenvectors can-
not be neglected and must be estimated. A number of algorithms
have been developed to that end.'® The particular method used here
seems to be one of the computationally most efficient.'® Accord-
ingly, the eigenvector derivative is calculated by using the expression

09,
08,

where the vector v;; is obtained as the solution to

= Vi + cix®i (3)
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Given that D; is a singular matrix, vector v;; is normalized by setting
its element with the same index as the greatest element in ¢; to zero
in order. Finally, the scalar coefficients c;; are calculated as

1 oM
T T

= —d My — —pT —
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The vector v;; and the scalar ¢;; computed from Egs. (9—12) are sub-
stituted in Eq. (8) to compute the derivative of the eigenvector. The
cases of repeated or closely spaced eigenvalues require a modified
treatment and are not considered in the present paper.

o 12)

PC Representation

The PC decomposition involves representing a second-order ran-
dom variable or stochastic process with respect to a Hilbertian
basis consisting of the multidimensional Hermite polynomials in
orthonormal Gaussian variables.!”!8 Through a composition of
transformations, it can, thus, be assumed, without loss of general-
ity, that the basic random variables on which matrices K and M
depend have already been transformed to a set of Gaussian random
variables, denoted by &. Generalizations of the PC decomposition to
non-Gaussian kernels have recently been developed.'*? In the case
of the random eigenproblem, and assuming that the eigenvalues and
eigenvectors have a finite variance, they can then be expressed in
their own PC decomposition* resulting in the following expressions
for the /th eigenvector and eigenvalue:

P P
o= Zlﬂi l(i), A= Z‘l’ikl(i),
i=0 i=0

where {1, } are the polynomial chaos basis that are zero-mean, multi-
dimensional orthogonal polynomials in £ such that

D eR (13)

Yo=1,  (Y)=0, i>0, (%) =8;(y7) (14

The coefficients of the expansion, ¢,(i> and Al(i), are calculated by
using their generalized Fourier coefficient expressions,

V=) [(w), W =

The denominator in the preceding expressions can be evaluated
exactly,3 whereas the numerator must be estimated, for example,
by MC sampling. For each realization of {£;}, in addition to solv-
ing the eigenvalue problem, the corresponding realization of y; is
also simultaneously computed as a polynomial form in the set {&;}.
The coefficients ¢,' D and A(’) are then estimated by approximating
the mathematical expectatlons using their finite sample statistical
averages. Once the chaos coefficients have been evaluated, the sta-
tistical moments of the eigenvalues or eigenvectors can be computed
directly, and realizations can be readily synthesized to estimate the
corresponding PDFs. In particular, the first- and second-order sta-
tistical moments of the eigenvalues are obtained as

) [(w7) (15)
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Similarly, for the eigenvectors,

o= (o) =" (17)

A characterization of the higher-order statistics of modal vectors is
discussed in the next section. Note that Eq. (13) permits the very ef-
ficient synthesis of statistical samples of the eigenvalues and eigen-
vectors once the polynomial chaos coefficients are known. Also
note that the PC approach does not require explicit knowledge of
the derivatives of the stiffness and mass matrices with respect to the
random parameters.

Modal Statistics and Statistical Modal Interaction

As the variability in the system parameters increases, it can be
expected that the probability of modal overlapping should become
more significant. This is exacerbated for the system with closely
spaced modes. Most analysis methods applicable to the random
eigenproblem readily achieve a partial second-order statistical de-
scription of the random eigensolution.? This description is usually
restricted to the marginal moments of the quantities of interest
and is, therefore, not adequate for the analysis and characteriza-
tion of modal interactions that involve joint behavior of eigensub-
spaces. A representation of the modal statistics is described next that
provides a more complete statistical characterization of the modal
overlapping.

In this methodology, the dynamic modes of the uncertain sys-
tem are expressed in terms of the dynamic modes of the associated
deterministic or mean system. This representation has a number
of advantages. In particular, the concept of statistical modal over-
lapping, or statistical leakage, can be readily introduced. Because,
for most systems, the eigenmodes of the deterministic system are
used as the benchmark for design and decision making, describing
the behavior of the stochastic system in terms of the modes of the
deterministic system provides an easy interpretation of the system
behavior in a probabilistic sense. This becomes more useful if the
same system is analyzed for different types and levels of uncertainty.

Any statistical physical mode of an n-degree-of-freedom (DOF)
system can be expressed as a linear combination of the deterministic
physical modes as

¢1:Zezl'(z)i’ 121,...,}1 (]8)

i=1

where the random variable el’. represents the random contribution of
the ith deterministic mode to the /th mode of the stochastic system.
It is assumed here that the normalization scheme used for the modal
vectors is the same for both the deterministic and probabilistic eigen-
vectors. The /th mode of the uncertain system can be expanded in
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its polynomial chaos decomposition as

,
$=> we, I=1...n (19)
k=0

and the kth chaos component of the /th mode can be expressed as a
linear combination of the deterministic physical modes as

gV = "Clgi, I=1,...n  k=0,...P (0

i=1

where C¥ is the ith component of a vector obtained as the solution
of an n-dimensional system of algebraic linear equations. Using
Eqgs. (19) and (20) yields

P n n P
b= nclid=3" (S wc)a.  1=1...
k=0 i=1 i=1 \ k=0
(21)
Comparing Egs. (18) and (21) results in
P
efzzwkcfl, il=1,...,n (22)
k=0

Clearly, the statistics of ef provide a measure of the contribution
of the deterministic modes to the modal properties of the variable
system. In particular, the first two moments of el’. can be readily
obtained as

.
el) = (et =c (23)
k=0
2 ’ 2
((e)) =D (wil(cr) 24)
k=0

Note that (ef.) is the projection of the Oth chaos component of the
/th mode or the /th mean mode of the variable system found by
chaos decomposition on the ith mode of the deterministic system.
Clearly, this tends to a Kronecker delta §;; as the magnitude of system
variability decreases.

Clearly, the preceding analysis can be readily extended to the
common situation where only a subspace of the whole spectrum is
of interest.

Numerical Example

An example consisting of a 9-DOF frame is considered to demon-
strate the foregoing analysis (Fig. 1). The frame consists of three
rigid floors, each possessing two translational DOF in the direction
of axes 1 and 2, as well as one in-plane rotational DOF. The frame is
outfitted with energy dissipation devices that behave linearly once
activated. The total restoring force in each floor is the sum of the
restoring force from the columns and from the five restoring devices

3 2
1

Fig. 1 Example 9-DOF
frame considered for
numerical study.

Table 1 Statistics of eigenvalues estimated by using
various approximations?®

o)
Adet Aav,pert2 Aav,mc Pertl Pert2 PC2 MC
99.3 99.3 99.3 2.5 2.5 2.5 2.5
162.8 162.8 162.8 5.7 5.7 5.6 5.6
217.8 217.9 217.9 9.1 9.1 9.0 9.0
780.0 779.5 779.4 19.3 19.3 19.3 19.3
1277.7 1277.7 1277.7 44.6 44.6 443 443
1628.7 1627.6 1627.6 40.2 40.3 40.3 40.3

1710.1 1710.6 1710.7 71.1 71.1 70.7 70.7
2668.1 2668.1 2668.0 93.0 93.0 92.5 92.5
3570.9 35719 3572.0 148.4 148.4 147.9 147.9

#Standard deviation of the spring stiffnesses are o1 =5% and 03 =5%.

Fig. 2 Frame floor plan; location of restoring devices indicated by five
bold bars.

placed in each floor at the spatial locations shown in Fig 2. The stift-
nesses of the restoring devices in directions 1 and 2 are assumed to
be independent random variables given, respectively, as

K. = K, + 0161, K. = K2+ 026, (25)

where K, and K, are the stiffnesses in directions 1 and 2, respec-
tively; K,; and K,, are the mean values; o, and o, are standard
deviations; and &; and &, are two standard normal random vari-
ables. The nonzero contributions to the stiffness matrix from the
frame columns are given by K;; =300, K14 =—150, K5, =300,
K5 = —150, K33 = 64,800, K36 — 32,400, K44 =300, K47 = —150,
K55 =300, Ksg = —150, K¢ = 64,800, K¢9 = —32,400, K77 = 150,
Kgg =150, and Ko9 = 32,400, where K33, K¢6, Koo are in meganew-
tons meters and others are in meganewtons per meter. The diagonal
mass matrix is given by m;; =1.0 x 10° kg, m =1.0 x 10° kg,
m33 =156.0 x 105kg - m?, myy = 1.0 x 10° kg, mss = 1.0 x 10 kg,
mes = 156.0 x 10 kg - m?, m77 = 1.0 x 10% kg, mgg = 1.0 x 10° kg,
and mgg = 156.0 x 10% kg -m?. Stiffness is also provided by the
restoring devices each of which contributes an additional stiff-
ness of 300 MN/m to each direction. The total contribution of the
five devices in each floor is, therefore, given by k;; =600 MN/m,
k2 =900 MN/m, k33 =64800 MN-m, k3 =—1800 MN, and
ky; = 1800 MN. The eigenvalues are tabulated in the first column of
Tables 1 and 2. The wide spacings among the eigenvalues suggests
the absence of modal switching and, consequently, permits as a first
step a comparison of results from MC sampling, perturbation, and
PC for well-separated modes.

In the present problem, where the basic random variables &; are
zero mean Gaussian and independent, considering up to the second-
order terms in the perturbation technique, the mean eigenvalue is

(26)
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Table 2 Eigenvalues of the statistics estimated by using
various approximations?®

O
Adet Aavperz Aavme  Pertl  Pert2  PC2 PC4 MC
99.3 98.3 98.1 9.8 9.9 9.9 9.9 9.9

162.8 162.8 161.0 22.7 22.7 20.7 21.2 21.2
217.8 218.8 220.9 36.2 36.2 33.1 332 332
780.0 771.9 770.1 71.0 719 774 71.8 71.8
12777 1278.0  1263.7 1782 1782 1629 166.0 166.4
1628.7 1611.8 16022 1609 1628 1706 171.5 1719
1710.1 17179 1739.8 2842 2844 250.5 251.6 251.7
2668.1  2668.7 26389 372.1 3722 3399 3465 3472
3570.9  3587.1 36209 5935 5940 5419 5446 5449

Table 3 Statistical leakage between the eigenvectors, as measured
by ((e})?)?

Deterministic Variable system mode (/)

system mode i 1 2 3 4 5 6 7 8 9

0.98 0.02 0.00 0.00 0.00 0.00 0.00 0.00 0.00
0.03 0.88 0.09 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.09 091 0.00 0.00 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.98 0.02 0.00 0.00 0.00 0.00
0.00 0.00 0.00 0.03 0.88 0.01 0.06 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.77 0.10 0.02 0.00
0.00 0.00 0.00 0.00 0.09 0.08 0.73 0.00 0.00
0.00 0.00 0.00 0.00 0.00 0.02 0.00 0.88 0.09
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.09 091

O 00O\ W B W —

2Standard deviation of spring stiffnesses are o =20% and o =20%.

and the variance becomes

(=27} = Z (2—; &)z(éﬂ # 32 (s )
92
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where all derivatives are evaluated at the mean value of the random
variables €. For two combinations of standard deviations of the stiff-
ening devices indirections 1 and 2,0y = 0, = 5% and oy = 0, =20%
of their mean values, the mean and standard deviation of the eigen-
values are computed using the perturbation method, the PC ap-
proach, and the MC simulation, respectively, and are presented in
Tables 1 and 2. As already indicated, the first column in Tables 1
and 2, A4, is the eigenvalue of the deterministic system and also
serves as the mean eigenvalue in the first-order perturbation ap-
proach. Here the deterministic system represents the system with
mean stiffnesses. The second column in Tables 1 and 2, Aqy peri2, 1S
the mean eigenvalue computed from the second-order perturbation
expansion, Eq. (26), and the third column, A,y is the mean eigen-
value estimated from a MC sampling effort. This is also, clearly, the
mean eigenvalue in chaos expansion. Here, 0; indicates the standard
deviation of the eigenvalues. The columns labeled Pert1 and Pert2
report the o, obtained from first- and second-order perturbations,
respectively, PC2 and PC4 indicate second- and fourth-order chaos
expansion. Finally, o; computed from MC simulation are reported in
the column labeled MC. For both the PC and the MC sampling meth-
ods, 50,000 samples for the system with lower variability (Table 1)
and 100,000 samples for the system with higher variability (Table 2)
were used. For computing the chaos coefficients, larger numbers of
samples are required to estimate the higher-order coefficients com-
pared to that required for estimating the lower-order ones.

A number of features are noted from Tables 1 and 2. From Table 1,
where the spring stiffness variability is low, the results obtained
from both the perturbation approach and the chaos expansion are
very close with those obtained from MC sampling. As the system
variability increases (Table 2), second-order perturbation expansion
shows some improvement over the the first-order perturbation in es-
timating the statistics, especially the mean eigenvalues. However,
overall, in this case, the results obtained from the PC approach
are consistent with those obtained from MC simulation, whereas
the perturbation scheme leads to significantly different results. This
difference is more prominent for the higher modes. One potential
source for this difference is the inherent limitation of the perturbation
technique at capturing the large deviation of a function. For higher
variability, the hypersurfaces describing the eigenvalues as a func-
tion of the parameters may intersect within the useful range of the
parameter space, which results in modal phase switching for some
realizations. In these cases, the difference of the eigenvalue ordering
techniques in the perturbation and the sampling-based approaches
contributes to the difference in the computed statistics. Note that,
in the present example, increasing the order of the chaos expansion
from second to fourth does not improve the result significantly.

4Here 01 =20% and 0, =20%.
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Fig. 3 PDF of eigenvalues (from fifth to ninth).

The modal overlapping is measured by the probabilistic descrip-
tion of the coefficients e!. Table 3 shows values of ((e!)?), with each
column referring to the mode of the variable system, /, whereas
each row corresponding to the mode of the deterministic system, i.
The (i, [)th element in Table 3 refers to the contribution of the ith
deterministic mode to the /th statistical dynamic mode, measured as
((e1)?). Notice that the matrix is strongly diagonally dominant and
is indeed a perturbation of the identity matrix. This is expected be-
cause in the deterministic limit, the eigenvectors are orthogonal. The
width of the band varies with the closeness of the eigenvalues and
level of uncertainty. In the present study, we have used the complete
modal matrix of the deterministic system to evaluate the ((e})?),
but the earlier mentioned banded form suggests even the truncated
modal expansion could also be used here. The overlapping of sixth
and seventh eigenvalues is shown in Fig. 3 and reinforces the pre-
ceding interpretation relating the statistics of ¢! to the strength of
modal interaction.

Conclusions

The problem of characterizing the eigenvalues and eigenvectors
of random systems has been addressed. Three different methods,
namely, perturbation, MC, and PC expansion are compared for effi-
ciency, and a new insight is gained on the problem of modal interac-
tions by further manipulations of the chaos representation. The sys-
tem considered here has widely spaced modes at its mean. For such
system, it is observed that, for small variability, all three methods
yield similar results for the standard deviations of the eigenvalues.
However, as the variability increases, the PC yield results that are
closer to the MC simulations than the perturbation method, espe-
cially for higher modes. The difference originates from the trunca-
tion of the perturbation expression after the second-order term. This
truncation is typically governed more by analytical convenience
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than by computational necessity, a difficulty not encountered with
the PC representations.

A few features are worth noting with regard to the polynomial
chaos approach as presented in this paper. The approach involves
two steps. The first steps consists of postulating a representation
of the eigenvalues and eigenvectors. In the present case, this step
corresponds to choosing a coordinate system, or a basis in a vector
space. The second step consists of computing the representation,
or equivalently, the coordinates of the eigenvalues and eigenvectors
with respect to the chosen coordinate system. Statistical sampling
is used in the present paper for achieving this second step, with the
resulting estimates of modal quantities being dependent on the size
of the statistical sample.

It is noted, finally, that the significance of the probabilistic un-
certainty on the statistical characterization of the modes increases
both as the modal separation decreases and as the modal frequency
increases. The investigation of the stability of modal subspaces, as
opposed to individual modes, under random perturbation may be a
more useful indicator for the analysis of system behavior.
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